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Section 1

Motivation



Graph limit theory is the study of very large graphs

• People are interested in studying the behavior of very large
graphs. Questions like:

• What is the average degree of the graph?

• How well is the graph connected? (well it’s almost certainly not
connected, but we care about large components)

• What is the largest cut in the graph? (even we have the answer, in
what form do we expect the answer? you can’t just return a list of
vertices because of time/space complexity too high!)

• And more. (Network design, graph learning, etc.)
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But how do we study them

• How to obtain information from them (look at local structures:
graph homomorphism, sampling methods)

• How to model them (random/quasirandom graph modeling)

• How to approximate them (global approximation: Cut distance,
Regularity Lemma)

• Goal today: We will focus on the first and third question today,
and see how they are actually related. We will first look at a bunch
of definitions to build intuitions (bear with me), and then we will
hopefully look at one or two applications to see why graphon is
useful.
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Section 2

Preliminaries



Subsection 1

graph homomorphism



homomorphism number

Definition
• Let G and H be two simple graphs. An adjacency-preserving

map from G to H is called a homomorphism.

• We denote the set of homomorphisms as Hom(F, G), and let
hom(F, G) to be their number.

• We define inj(F, G) to be the number of injective
homomorphism, and ind(F, G) to be the number of induced
homomorphism. Induced homorphism preserves both adjacency
and non-adjacency.

• For multigraphs, we usually require the specification of the
mapping on the edges in addition to the vertices, so it’s really a
composition of two mappings.
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Homomorphism density
Definition (homomorphism density)
For a fixed finite graph F and a large graph G, define

t(F,G) :=
hom(F,G)

|V (G)||V (F )| .

• t(F,G) is the probability that a uniformly random map

ϕ : V (F ) → V (G)

is adjacency-preserving.

• Similarly define tind(F,G) and tinj(F,G) for induced and injective
densities.

• These are asymptotically equivalent for our purposes.
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Homomorphism density
• In particular,

|tinj(F,G)− t(F,G)| ≤ 1

|V (G)|

(
|V (F )|

2

)
.

• Homomorphism densities are extremely useful in understanding large
graphs.

• For example, tind(F,G) is the probability that |V (F )| sampled
vertices induce a labeled copy of F .

• This will be important when we discuss convergence of graph
sequences. In particular,

Definition (Subgraph sampling method)
Recall the definition of tind(F,G): we sample uniformly at random a
k-element subset of V (G) and return the subgraph induced by it. The
probability that the sampled graph is F is tind(F,G).
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Graphons and Kernels



Graphons and Kernels

Let W denote the space of all bounded symmetric measurable functions

W : [0, 1]2 → R.

Definition (Kernel)
The elements of W are called kernels.

Let W0 denote the set of all kernels such that 0 ≤ W ≤ 1.

Definition (Graphon)
The elements of W0 are called graphons.
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Graphons and Kernels
• A graphon which only takes values 0 and 1 can be considered as a

graph on node set [0, 1]. Think of it as an continuous adjacency
matrix.

• Kernels generalize weighted graphs in the following sense:
partition the interval [0, 1] into finitely many measurable sets
S1 ∪ · · · ∪ Sk, such that W is constant on each product Si × Sj . We
call this object the Stepfunction.

• We say two kernels W,U are weakly isomorphic if

t(F,W ) = t(F,U)

for every graph F .

• Graphon will serve as the limit object when we talk convergence of
graph sequence. We’ll see why this is true later.
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Cut distance



Cut distance
Definition (Cut norm)
(Frieze, Kannan, 1999) Let matrix A ∈ Rn×n. Its cut norm is

∥A∥□ =
1

n2
max

S,T⊆[n]

∣∣∣∣∣∣
∑

i∈S, j∈T
Aij

∣∣∣∣∣∣ .
We derive cut distance from this definition.

Definition (Cut distance of graph with same vertex set)
For two graphs on the same vertex set, we define their cut distance to be

d□(G,G′) =
1

n2
max
S,T⊆V

∣∣eG(S, T )− eG′(S, T )
∣∣ = ∥AG −AG′∥□.

Definition (Cut distance of graph with the same number of vertices)

d□(G,G′) = min
Ĝ,Ĝ′

d□(G,G′).

where Ĝ, Ĝ′are all relabelings of G and G’.

The notion can be extend to arbitrary weighted graphs, with a bit more
machinery.
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Why don’t we just use L1 norm?

If G,G′ ∼ G(n, 1/2) (random graph with edge probability 1
2)are

independent, then typically

d1(G,G′) ≈ 1
2 , d□(G,G′) = O

(
1√
n

)
.

• Edge-wise, the graphs disagree a lot.

• But structurally, they look the same: both are just “random of
density 1/2.”

• Therefore, cut distance measure the global structure similarity
between graphs instead of looking at local structure.
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Cut distance for graphons
Now it’s intuitive to extend this notion to graphons. Compare the two
definitions.

Definition (Cut norm for matrix)
(Frieze, Kannan, 1999) Let matrix A ∈ Rn×n. Its cut norm is

∥A∥□ =
1

n2
max

S,T⊆[n]

∣∣∣∣∣∣
∑

i∈S, j∈T
Aij

∣∣∣∣∣∣ .

Definition (Cut distance for graphons)
For graphons, the cut norm becomes

∥W∥□ = sup
S,T⊆[0,1]

∣∣∣∣∫
S×T

W (x, y) dx dy

∣∣∣∣ .
Hence, define the cut distance

d□(U,W ) = ∥U −W∥□.
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Regularity Lemma



Dense graphs look like block graphs
Suppose P = {V1, . . . , Vk} is a partition of V (G). Define the averaged
graph GP by replacing each block Vi × Vj by its edge density.

Theorem (Weak regularity lemma)
(Frieze, Kannan, 1999)For every integer k > 1 and every graph G, there
exists a partition P into k classes such that

d□(G,GP) ≤
2√
log k

.

• More classes ⇒ better approximation in cut distance.

• For people who knows the original form of Regularity Lemma, the
weak regularity lemma here is weak in the sense it has a worse
partition, but we have finer control on the number of classes. This
often has more practical uses.
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various forms of the lemma can be stated. Today we focus on the
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Regularity Lemma for Kernels

Theorem (Weak regularity lemma for kernels)
For every function W ∈ W and k ≥ 1, there is a stepfunction U such
that

∥W − U∥□ <
2√
logk

∥W∥2



Regularity Lemma for kernels

In fact, something stronger is true: the approximating stepfunction
admits a polynomial-size description.

Theorem (Frieze–Kannan)
For every kernel U and every k ≥ 1, there exist measurable sets
Si, Ti ⊆ [0, 1] and real numbers ai such that∥∥∥∥∥U −

k∑
i=1

ai1Si×Ti

∥∥∥∥∥
□

≤ ∥U∥2√
k

.

In particular, if U is a graphon, then the right-hand side is at most 1√
k
.

To see the proof of this we first look at a lemma.
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Regularity Lemma for kernels: A lemma
Lemma (A good Lemma)
For every kernel U ∈ W , there exist measurable sets S, T ⊆ [0, 1] and a
real number a such that

∥U − a1S×T ∥22 ≤ ∥U∥22 − ∥U∥2□.

Proof.
Choose S, T so that ∣∣∣∣∫

S×T
U

∣∣∣∣ = ∥U∥□,

and set

a :=

∫
S×T U

λ(S)λ(T )
.
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∥U − a1S×T ∥22 ≤ ∥U∥22 − ∥U∥2□.

Proof.
Finally, since λ(S)λ(T ) ≤ 1,

∥U − a1S×T ∥22 ≤ ∥U∥22 −
∣∣∣∣∫

S×T
U

∣∣∣∣2 = ∥U∥22 − ∥U∥2□.



Regularity Lemma for kernels: greedy step
Apply the lemma greedily.

Set
U0 := U.

For j = 0, 1, . . . , k − 1, choose Sj+1, Tj+1 and aj+1 from the lemma
applied to Uj , and define

Uj+1 := Uj − aj+11Sj+1×Tj+1 .

Then for each j,
∥Uj+1∥22 ≤ ∥Uj∥22 − ∥Uj∥2□.

Summing over j = 0, . . . , k − 1 gives
k−1∑
j=0

∥Uj∥2□ ≤ ∥U∥22.
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Regularity Lemma for kernels: conclusion

Since
k−1∑
j=0

∥Uj∥2□ ≤ ∥U∥22,

there exists some j < k such that

∥Uj∥□ ≤ ∥U∥2√
k

.

But by construction,

Uj = U −
j∑

i=1

ai1Si×Ti .
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Remarks

• The approximating stepfunction obtained in this lemma is not
necessarily the original stepping of W . However, one can fix that by
a constant factor of 2. (Laszlo Lovasz, large network and graph
limits, lemma 9.12)

• The regularity lemma is equivalent to the statement that The
graphon space equipped with the cut distance is compact.
(Lovasz, Szegedy, 2007) This is in fact the strongest notion of
regularity we can obtain. We will use this theorem in our discussion
of graph sequence convergence.
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Section 4

Convergence of graph sequence



Convergence of graph sequence: preliminaries

We now state two theorems that allow us to relate the two main
quantities we have seen: homomorphism densities and the cut distance.

Theorem (Counting Lemma)
(Lovasz, and Szegedy, 2006) Let F be a simple graph, and let W,W ′ be
graphons. Then,

|t(F,W )− t(F,W ′)| ≤ e(F )δ□(W,W ′).

• Counting Lemma implies the function W → t(F,W ) is
Lipschitz-continuous on the graphon space (W, δ□). Use this in the
proof of convergence theorem.

• global similarity ⇒ local similarity
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Convergence of graph sequence: preliminaries

In fact the converse is true: if two large graphs are locally similar w.r.t
homomorphism densities, they are also globally close w.r.t cut
distance.

Theorem (Inverse Counting Lemma)
(Borgs, Chayes, Lovasz, Sos, and Vesztergombi, 2008) Let k be a positive
integer, let U,W ∈ W0, and assume that for every simple graph F on k
nodes, we have

|t(F,U)− t(F,W )| ≤ 2−k2 .

Then,

δ□(U,W ) ≤ 50√
logk



Convergence of graph sequence

We are now ready to state the definition of convergent graph sequence.
Recall we already have Compactness and sampling with induced
homomorphism density.

Theorem (Compactness)
The space (W, δ□) is compact. Here δ□ denotes the cut distance.

Definition (Subgraph sampling method)
Recall the definition of tind(F,G): we sample uniformly at random a
k-element subset of V (G) and return the subgraph induced by it. The
probability that the sampled graph is F is tind(F,G).

Definition (Convergence of graph sequence)
A sequence of graphs (Gn) with |V (Gn)| → ∞ is convergent if the
induced subgraph density tind(F,Gn) converges for every finite graph F .
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A sequence of graphs (Gn) with |V (Gn)| → ∞ is convergent if the
induced subgraph density tind(F,Gn) converges for every finite graph F .

• Exchanging t(F,G) and tind(F,G) in the definition is allowed here
because they are asymptotically equivalent for large graphs in our
setting.

• Example: the sequence of complete graphs Kn is convergent, since a
random induced subgraph is still complete.

• Example: The random graph sequence Gn = G(n, p) is convergent
with probability 1. Indeed, since an induced k-subgraph Gn[S] of Gn

will be very close in distribution to G(k, p).
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Cauchy sequence in the cut metric is convergent
Theorem (Cauchy graph sequence is convergent)
(Borgs, Chayes, Lovasz, Sos, and Vesztergombi, 2006, 2008) A sequence
of simple graphs (Gn) with V (Gn) → ∞ is convergent if and only if it is a
Cauchy sequence in the cut metric δ□.

Proof.
The counting lemma implies that every Cauchy sequence is convergent.
Apply the inverse counting lemma to WGn , we get the converse
direction.

We can generalize this to graphons. Proof is similar.

Theorem (Cauchy graphon sequence is convergent)
Let (Wn) be a sequence of graphons, and let W be a kernel. Then
t(F,Wn) converges for all finite simple graph F if and only if Wn is a
cauchy sequence in the cut metric.
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But...umm is the right construction?
What is the limit object the sequence converges to?

• Now we have defined convergence of a graph sequence, we are of
course interested in what object it converges to. (One will hope
it’s the graphon, otherwise why are we doing all this :))

• If you use computer to draw out the adjacency matrix of all the
graphs as grayscale images, a proof by picture will tell that they
converge to graphons. But how to describe it more formally?

• Intuition: View each graphon in the sequence as a probabiltiy
distribution, then the limit should tend to some distribution σk on
k node labeled graph. If such a distribution satisfy some certian
properties, we can uniquely reconstruct a graphon from it!
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Random Graph Models

• More formally, given a simple graph and k ∈ V (G), the random
sample G(k,G) is a random graph on k labeled nodes, and we denote
it by σG,k.

• By this construction, we have σG,k(F ) = tind(F,G).

• If Gn is a convergent sequence, then according to the convergence
theorem, the sequence of distributions {σG,k} tends to some
distribution σk.

• Conversely, if the distribution sequence tends to some limit for every
k, then the graph sequence is convergent.

• We will call such limit object the Random Graph Model (rgm).
It turns out that if it satisfies some condition called consistent and
local, we can uniquely recover a graphon from it!



Random Graph Models

• More formally, given a simple graph and k ∈ V (G), the random
sample G(k,G) is a random graph on k labeled nodes, and we denote
it by σG,k.

• By this construction, we have σG,k(F ) = tind(F,G).

• If Gn is a convergent sequence, then according to the convergence
theorem, the sequence of distributions {σG,k} tends to some
distribution σk.

• Conversely, if the distribution sequence tends to some limit for every
k, then the graph sequence is convergent.

• We will call such limit object the Random Graph Model (rgm).
It turns out that if it satisfies some condition called consistent and
local, we can uniquely recover a graphon from it!



Random Graph Models

• More formally, given a simple graph and k ∈ V (G), the random
sample G(k,G) is a random graph on k labeled nodes, and we denote
it by σG,k.

• By this construction, we have σG,k(F ) = tind(F,G).

• If Gn is a convergent sequence, then according to the convergence
theorem, the sequence of distributions {σG,k} tends to some
distribution σk.

• Conversely, if the distribution sequence tends to some limit for every
k, then the graph sequence is convergent.

• We will call such limit object the Random Graph Model (rgm).
It turns out that if it satisfies some condition called consistent and
local, we can uniquely recover a graphon from it!



Random Graph Models

• More formally, given a simple graph and k ∈ V (G), the random
sample G(k,G) is a random graph on k labeled nodes, and we denote
it by σG,k.

• By this construction, we have σG,k(F ) = tind(F,G).

• If Gn is a convergent sequence, then according to the convergence
theorem, the sequence of distributions {σG,k} tends to some
distribution σk.

• Conversely, if the distribution sequence tends to some limit for every
k, then the graph sequence is convergent.

• We will call such limit object the Random Graph Model (rgm).
It turns out that if it satisfies some condition called consistent and
local, we can uniquely recover a graphon from it!



Random Graph Models

• More formally, given a simple graph and k ∈ V (G), the random
sample G(k,G) is a random graph on k labeled nodes, and we denote
it by σG,k.

• By this construction, we have σG,k(F ) = tind(F,G).

• If Gn is a convergent sequence, then according to the convergence
theorem, the sequence of distributions {σG,k} tends to some
distribution σk.

• Conversely, if the distribution sequence tends to some limit for every
k, then the graph sequence is convergent.

• We will call such limit object the Random Graph Model (rgm).
It turns out that if it satisfies some condition called consistent and
local, we can uniquely recover a graphon from it!



Random Graph model is the right limit object
Theorem
If a graph sequence {Gn} is convergent, then the distribution
σk = limn→∞ σk,Gn forms a consistent and local random graph
model. Conversely, every consistent and local random graph model arises
this way.

Proof: a rough sketch.
• Forward direction follows from consistency and locality.
• For the reverse direction, consider a consistent and local random

graph model (σ1, σ2, ...), we can generate a graph Gn from every σn,
independently for each n. This forms a graph sequence (G1, G2, ...).

• Then the sequence should be convergent with probability 1 [Laszlo,
Large network and graph limits, lemma 11.8]. But since the sequence
is convergent, this is precisely the right model we are looking for.
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Section 5

An application: the Removal Lemma



Recap for what we’ve done so far

• Graph homomorphism tind(F,G) gives us a way to sample subgraph
from very large graphs.

• Graphon is a continuous model to describe graphs (A continuous
adjacency matrix). It also gives a nice formulation of the Regularity
Lemma.

• Cut distance δ□ is the right metric to measure similarity between
graphs. Graphs/Graphons are convergent in the cut metric.

• It turns out that the limit object of graphon sequence are random
graph models, which are in fact still graphons. So this construction is
exactly what we expected.

• Now we look at a concrete example of using these, which is the
triangle removal lemma.
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the Removal Lemma

Theorem (Removal Lemma)
For every ϵ > 0, there exists δ > 0 such that if a simple graph G with n
nodes has at most δn3 triangles, then we can delete ϵn2 edges from G so
that the remaining graph has no triangles.

Proof.
Proof by hand-waving.



Questions?
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